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Part A
Answer all the § questions.
Each question carries 1 weightage

1. Show that (' 1s a forest if and ouly if every edge of G 15 a cut edge.

182

Draw all non-isomorphic spanning trees of K;

3 Discuss the difference between cut vertex and vertex cut using an ex-
ample. 3

Show that r(3,3) =6
Prove that a+ 8 =v
Define k-¢dge colourable graph with an example.

Prove that in a critical graph no vertex cut is a clique.

0o )l O SR

Define bridge in a graph. Give an example.

Part B
Answer any two questions from each unit.
Each question carries £ weightage

Unit I

9 Prove that an edge e of G is a cut edge of G if and only if e is contained
in no cycle of G.

10. Show that & £ K’ where & is the vertex connectivity and ' edge con-
nectivity of a gr aph.

11. Let G be a simple graph with degree sequence (dy,dz, .., d,), where
‘ < d < ... < d, and v > 3. Suppose that there is no value of m less
d : 7 d d,_m < v —n. Then show that G is

e b —

than v/2 for which d, < m an
Hamiltonian.



13.
4. Let G be a connected graph that is not an odd cycle. Then prove that

15.

16.
L7

18.

0

Unit II

Define (a) Maximum matehing and (b) .L\-[-augmentmg pgth mn a %l'tlph
Prove that if G contains no M-augmenting path, then M 1s & maximum

matching in G

Every 3-regular graph without cut edges has a perfect matching

G has a 2-edge colouring in which both colours are represented at each
vertex of degree atleast two.

Unit ITI

If G is simple, then prove that 'n';:.'(G’) = mx(G — e) — mx(G.e) for any
edge e of G, "

-

Prove that inner bridges avoid one another.

Prove that a loopless digraph D has an independent set S such that
each vertex of D not in S is reachable from a vertex in S by & directed
path of length atmost two.

Part C
Answer any iz out of nine questions.
Each question carries 5 marks

Discuss Kruskal's algorithm. Show that any Spanning treg

T = G[{er, ez, . ,e,-1}] constructed by Kruska]'s algonithm is an
optimal tree.

(a)Let G be a bipartite graph with bipartition (X,Y)

: . . Then s
G contains a matching that saturates BVery vertex i show thar

0 X if and only if
IN(S) 2 18| forall S x

(b) If G is a k-regular bipartite graph with k>0
has a perfect matching. then prove ha G

If G is a simple graph then show that either T= A Y= Aqq

. State and prove Kuratowski's theorem.
P

)
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PARTA 3

Answer ALL questions. Each question has] weightage

o

Sketch the level set at height c=2 for the function f(t X ) = x2 1 2
“*13%32 # i- Ii‘

T Qni1Xnyy = b where 0 = (a1,03,3 ..., ap4y) € RM1
and b € R, forms a n-surface in R™*1,

Prove thata,;x; + a,x; .

Show that the two orientations on the n-sphere x? + X3+t %2, = r2of radius

r > Oare given by N, (p) = (p, E-) and N,(p) = (p,-%),

Let X and Y be smooth vector fields along the parametrized curve a:[ —
R™! Verify that (X +¥Y) = X'+ V.

Let X be parallel vector field along a parametrized curve a: 1 — R™*! Prove that Xhas
constant length.

Define the circle of curvature of an oriented plane curve.
Let S be an oriented n-surface in R***and letp € S.Define the first and second
fundamental forms of § at p.
Define a parametrized n-surface in R™**.
(8x 1 =8 weightage)

PART B . .
Answer any two questions from each unit. Each questioncarries2 weightage.
UNITI

Show that for each p € R™*1 the set RI*of all vectors at p is & vector space.

Show that at each regular point p on a level set f~*(c) of a smooth function thszE e

well defined tangent space consisting of all veloeity yectors at p of all parametrized

curves in f~1(c) passing through p.

1 — 2
Show that the maximum and minimum values of the function g(xy, X2) = axi +

it ci 2 1 2 = 1are the eigen values of
2bx,x, + cx3 where @, b, c € R on the unit circle xi + %3
a b]

the matrix[b -



VT O

. p3and eac
it vectors (e gy} 10 R”anc each a € R, the

air of orthogonal ud

-~ =l -~
¢ unitspherexy + x5 +
’ e -
sinat €2 &

12. Prove that for each P

geodesics 0L th
=cosat €1 ™ =

great circle a(t)
=1

13.LetS be a n-surface

be a piecewise smoo
in R, letp.d gSand let @ e ap -
arallel transport Py: S, = Sqalong a is

parametrized curve from p to q.Frove that the P

a vector space isomorphism. .
14, Let C be a conmected oriented plane curve and let B:1 speed

LB jodic.
parametrization of C. Prove that f§ is either one 0ne Of pert

Unit II
: +1 2 :
15. Prove that on each compact oriented n-surface S 10 R7*1there exists a point p such

that the second sundzmental form at p is definite.

6. Describe a parametrized torus in R

. : 11 -
17. Let S be a compact, connected oriented n-surface 1 R™*1 whose Gauss Kronecker

curvature is nowhere zero. Prove that the Gauss map N: S — S™ is a diffeomorphism.
(6% 2 =12weightage)

PART C
_Answer any two questions. Each question carries Sweightage.

18. a)Let Xbe a smooth vector field on an open set U © R™1 and let p € U. Prove that

there exists an open interval I containing 0 and an integral curve a:I — U such that
a(0) = p.

b) Find the integral curve through p(0,1) of the vector field Xon R? given by
X() = (p, X(p) where X(x, %) = (=x5,%,)

19. 2)Find the spherical image of the hyperboloid xf —xi- x2 = 4,x, > 0, oriented
; = :

==Y |

by N = o where f(xy; x5, x3) = x2 — x3 — 22,

b) Let § be a compact, connected oriented n-surface in R™*1, Prove that the Gauss
map maps § onto the unit n-sphereS™ | |

0. r
20. 8)Show that the Weingerten map at each point p of an o ted
enisd n-

self adjoint, surface in R™*7 is

b)Show /el
) W that the W cingarten map of the n-sphere xz + -
| | 1 x5 + aas
radius r > U, orented b}' inward unit normal | i |
15§

imply multiplication by=.
S

and let £; § -, pk

| - | [ R
onlyif fop: U — R¥ s Smooth for each local I
P

nCﬁQn the ora

- @) Let § be an n-surfacs in R+l -
‘Then prove that £ is smooth if and
b) State and prove the inverse & drametrization ©:U = Rk,

T e (2><5=10weightag€)
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Section A
Answer ALL questions. Each question carries 1 weight.

. Define a "complex type" variable in Python. Give it a value.

Write a command to print the sum of the real and imaginary parts ?

Write a Python programme, that will ask to input your name and will print it as the

output.

. Write a Python program to get the print out of multilication table of 7 upto 10 x 7 =70

using a "FOR" loop.

What is the use of "BREAK" and "CONTINUE" in Python ? Explain using a suitable

example.

4x1 = 4 Weights,

Section B

Answer any THREE questions. Each question carries 2 weights.

Write a Python program to do the following. Asking the input of a natural number "n"

and the number of natural numbers less than “n" and prime (o 7",

Explain the problem and Simpson's 1/3 rule for numerical integration.

Write short notes on at least three different "Lists" in Python. (One example for each).
rite §

What is *Data Structures’ in Python ? Explain with suitable examples.
Y nat 15



9. Write a Python proram to input the name, date of birth, and height of 10 persons and to

show the print out in the format of a table, preferably with border and inner lines.

3x2 = 6 Weights.

Section C

Answer any ONE question. Each question carries 5 weights.

10. a) Write a Python Program to find the Largest of three positive Integers you input.

b) Explain the problem, the method, the algorithm and a Python program for the

Bisection Method.

11. Explain the problem, the method, the algorithm and a Python program for the Numerical

Solution of Ordinary Differential Equatioﬁs.

1x5 =5 Weights.
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Part A
Answer all questions. Each carries 1 weightage

If 4. B are linear operators on a normed space X', prove that 4" and B
only if (4B)'and (B4)™ exists.

exists if and

Give an example of an operator whose spectrum is empty.
Define transpose of a linear map. If F e BL(X,Y), prove that || F [|=|| F" Il
If X isa reflexive normed space, show that X' is also reflexive.

Give an example to show that 0 can be a spectral value of a compact operator W ithout
being its e1gen value.

If X is aoy inner product space and for y=0 in X, define f,(x) =(x,y), xe X.
Show that f is a bounded linear functional on X and || £ =}y Il

If 4e BL(H), show that A is normal if and only if [| 4(x) | =[| A" (x)|| for all xe H.

Define numerical range. If Ae BL(H),show that k € w(A)if and only if kea(d)

(8 x 1 = 8 weightage)

Part B
Answer any iwo questions from each unit. Each carries 2 weightage
: Unit 1

If Xisa Banacﬁ space, Prove that AeBL(X) is invertible iff 4 is bounded below
and the range of A is dense in X.
If Xisa Banach space, show that the set of all invertible operators is open in BL(X)

% us.
and the map A+ 47! is continuo

If X i a normed space and if X' 1s separable, ShOW that X is also separable.
I.A 15



12.
13.

14.

16.

17.

18.

19,

20

Unit 2

e yyisa closed subspace of Bf(y %

S e
Show that, if Yisa Banach Space: th

I[f Xisad infinite dimen
alue of 4.

s if 4e CL(X),show
sional normed Space and I X).show that 0 is
approximate eigen v

State Riesz I¢ presentation
hold for an incomplete inner pro

theorem. Give &0 example to show that this theorem Deed p,
; o

duct space.
Unit 3

bert space and 4eBL(H). Then show that there is g trigue

(A(x). y)=(x B(y)) forall x,y € H.
AeBL(H) B self-adjoint,  then  show

Let Hbe 2 Hil
B e BL(H) such that

i H#{0) and
{m, M} o,(d)=0(d) < (m M, ]

Define Hilbert —Schmidt operator. Show that every Hilbert —Schmidt operator i

compact.
2= 2
(6 X 2 =12 weightage)

Part C
Answer any fwo questions. Each carries 5 weightage

(a) If X is-a Banach space over K and if 4 BL(X) , prove that o{4) is a compact
subset of K.

B i e
p+q 1, show that the dual of £7 is linearly isometric to £%.

(a) Define weak ¢ :
onverge
weaker than norm conveg i fjlwe an example to show that weak convergence i
rgence. Also X
b. , Show that x, —* 5 x in (' iff x, —>x in 4

(b) Show that ev I <
every closed.subspace of a reflexive normed space is reflexi
eflexive.

(@) If4 is 2 com
thesp pact operator on a no

ectrum of 4 rmed space X, prove that the eigen spectrurl and

are countab]
© sets and have () as the only possible limit point.

(b) State and Prove projection theorem

operator, th Hilbert space e : !
of g SR PIOVe that there Pace over Cand if 4 < BL(H) is & 2™

®)IF de BL(H), ang

4, - ! each

All~ hisaco
10, thep shov tha MPact operator on the Hilbert space H -ané

A iS Compact‘

B nragt!
12 o == 1l “,elgnfﬂs



