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FAROOK COLLEGE (AUTONOMOUS), KOZHIKODE
Fourth Semester M.Se¢ Mathematics Degree Examination, April 2024
MMT4C15 — Advanced Functional Analysis
(2022 Admission onwards)
Time: 3 hours Max. Weightage : 30
Part A
Answer all questions. Each questions carries I weightage,
1. Define approximate eigen value of an operator A € BL(X). Give an example of an
operator A and an approximate eigen value of A which is not an eigen value of A.

If A is a right shift operator on #7, then prove that g,(4) = @.

L5

Let X be a Banach space over K and k € K. If k € 0,(A) , then prove that

LS ]

5 1
k| < infoy 23, 1A% 1= < [|A]].

Show that €% is not reflexive.

e

Let X and Y be normed spaces and X be finite dimensional. Then prove that every

linear map from X to Y is compact.

=

State Riesz representation theorem.

>

If A,, and B,, are sequences in BL(X) and A,, — A and B,, — B. Then prove that
A,+ B, - A+ Band A,,B,, » AB.

8. Show, by an example, that if k € g,(A4) does not follow that k € g, (A*).

Part B
Answer two questions from each unit. Each questions carries 2 weigltage.

Unit I

9. Let X be a Banach space and A € BL(X) and ||AP|| < 1 for some positive integer p,
Then prove that I — A is invertible.

10. Let X and Y be normed spaces and FF, G € BL(X,Y). Then prove that
a. (F+G6)'=F+¢'
b). [IFIF = 1IF1l = IIF”II.

11. Prove that dual of K™ with norm || ||, is linearly isometric to K™ with norm || [l,.



13.

14.

16.

17.

18.

19.

Unit 11

. Let X be a normed space and A € CL(X). Then prove that 0 is the only possible limit

point of the eigen spectrum of A.

Let X and Y be normed spaces . Ifk € K, F,G € CL(X,Y), then prove that kF,

F + G € CL(X,Y). Further prove that if F is compact bounded linear map and

H € BL(Y,Z),then HF € CL(X,Z).

Let H be a Hilbert space, G be a subspace of H and g be a continuous linear
functional on G. Then prove that there is a unique continuous linear functional fon

H such that f|; = g and |If]l = ligll

Unit 111

S. Let H be a Hilbert space and A € BL(H). Then prove that there is a unique B €

BL(H) such that (A(x),y) = (x, B(¥)) forall x,y € H.
Let H be a Hilbert space and A € BL(H) be self adjoint .Then prove that A or - A is
positive if and only if A, y)|? = (A(x), x)(A(y),y) forall x, ¥ € H.
Let H be a Hilbert space and A € BL(H) be self adjoint. Then prove that
{ma,Ms} © 0,(A) = a(A) c [my, Myl.

Part C

Answer any two questions. Eacl questions carries 5 weightage.

Let X be a reflexive normed space. Then prove that

a) X is Banach and it remains reflexive in any equivalent norm.

b) X'isreflexive

c) Every closed subspace of X is reflexive.

Let X be a nonzero Banach space over C and A € BL(X). Then prove that

a). o (A) is nonempty.

1K 2
b). 7, (A) = infpey o A7 = Himyeo || A" [

. Let H be a Hilbert space and A € BL(H). Then prove that

a). k € a(A) if and only if k € a(4*).
b). 0, (A) € a,(A) and a(A) = 0, (A) U {k: k € g,(A")}

. Let A € BL(H). Then prove that

a). If R(A) is finite dimensional, then A is compact.
b). If each A,, is a compact operator on H and ||4, — A|| = 0, then A is compact.

c). If A is compact then so is A*.
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FAROOK COLLEGE (AUTONOMOUS), KOZHIKODE
Fourth Semester M.Sc Mathematics Degree Examination, April 2024
MMT4E09 — Differential Geometry
(2022 Admission onwards)
Time: 3 hours Max. Weightage : 30

Part A
Answer All questions. Each question carries 1 weightage

1. Show that the graph of any function f:R" — R is a level sct for some function

F:R™! 5 R,
2. Find the integral curve through the point p = (1, 1) of the vector field
X(p) = (p,X(p)), where X(p) = (0,1) on R®.
3. Describe the spherical image of the 2-surface x7 + x5 = 1 oriented by "E—‘;“, where

f(x1, %3, %3) = x5 + x5,
4. Find the velocity, the acceleration and the speed of the curve a(t) = (cost, sint, t).
5. Let S be an n-surface in R™*? let @: ] — S be a parametrized curve and let Xbe vector
field tangent to S along a. Verify that (fX)' = f'X + fX'.
116, ComputeV,f where f: R? > R defined by f(x;, x;) = x;2 — x5°, ._
v=(1,1,cos8,sinf).
7. Show that local parameterizations of plane curves are unique up to reparametrization.
8. Deir'me normal section of an n-surface.
I (8x1= 8 weightage)
| _ Part B
Answer any two questions from each unit. Each question carries 2 weightage.
I‘ Unit I
9. Let U be an open set in R™**? and let f: U — R be smooth. Let p € U be a regular
point of £, and let ¢ = f(p). Then show that the set of all vectors tangent to f~*(¢) at
p is'equal to [VF(p)]*.
10. Let“S be an n-surface in R™*1, § = f~1(c), where f: U — R is such that Vf(q) # 0
for all q € S. Suppose g: U — R is a smooth function and p € S is an extreme point of
g on S. Prove that there exists a real number A such that Vg(p) = AVf(p).

11. Show that the two orientation on the n-sphere x;2 + x,% + -+-. +x,41% = 12 of radius

r > 0 are given by Ny (p) = (p, 'E)&NZCP) = (P :TP‘)-



13.
14.

15.

16.

18.

19,

Unit 11

. Let § be an n-surface in R™?. Let p, g € S and « be a piecewise smooth parametrized

curve from p to q. Then show that parallel transport F;: 5, = §, along a is a vector
space isomorphism which preserves dot product.

Show that the Weingarten map of an n-surface S at a point p in S is self adjoint.

Let € = f~2(r?), where f(x;,%x3) = (x; — @)* + (x5 — b)?, oriented by the outward

normal %. Let p = (a + r,b) € C. Find the local parameterization of C at p. Also

compute the curvature of C at p.
Unit I
Find the Gaussian curvature K: S = R, where S is the cone
xZ+x3—x3=0, x3 > 0.
Let ¢: U = R3 be given by (8, ) = (rcos 0 sin ¢, 7 sin 6 sin ¢, 7 cos ¢p) where
U={(8,¢),€ R*:0 < ¢ < m}and r > 0.Then show that ¢ is a parametrized

2-surface.

. State and prove the Inverse function theorem for n-surfaces.

(6x2= 12 weightage)

Part C
Answer any two questions. Each question earries Sweightages

(i) Let S be unit circle x;% + x,2 = 1 and define g: R? - R by

g(xy, x3) = ax,® + 2bx,x, + ¢ x,% where a, b, ¢ € R. Show that the extreme point
of g on S are the eigenvector of a matrix [E f‘]

(i1) What do you mean by an oriented n-surface S in R™*1. Show that on a connected
n-surface S in R™** there exists always exactly two orientations.

Let S be a compact connected oriented n-surface in R™** exhibited as a level set
f£~1(c) of a smooth function f: R"*! —» Rwith Vf(p) # 0 forall p € S. Then show

that the Gauss map maps S onto the unit sphere S™.

. Let S be an n-surface in R™*, let p € S and let v € S,,. Then prove there exists an

open interval / containing 0 and a geodesic a:/ — S such that:

(i) a(0) = p and @(0) = v.

(i)  IfB:[ - S isany other geodesic in S with #(0) = p and $(0) = vthen [ c I
and #(t) = a(t) forall t € |.

. Show for a parameterized n-surface ¢:U - R"*! in R*** and for p € U, there

exists an open set U; < U about p such that @ (U,) is an n-surface in R"*1,
(2x5= 10 weightage)
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FAROOK COLLEGE (AUTONOMOUS), KOZHIKODE
FFourth Semester M.Se Mathematics Degree Examination, April 2024
MMT4E11 - Graph Theory
(2022 Admission onwards)
Time: 3 hours Max. Weightage : 30

Part A
Answer all questions.
Each question carries 1weightage

1. Prove that an edge e is cut edge of G if e is not contained in the cycle of G,
2. Prove that in a nontrivial loopless connected gfaph G has at least two vertices that are

not cut vertices.
3. If G is 2-connected, prove that any two vertices of G lie on a common cycle.
4. Define matching, perfect matching and maximum matching.
5. Prove thataset S < V is an independent set of G if and only if VAS is a covering set of

G.
6. Find the Ramsey number 1(3,5).
7. Prove that in a critical graph, no vertex cut is a clique.

8. Prove that a graph is embeddable in plane if it is embeddable in thesphere..

Part B
Answer any two questions from each unit.
Each questions carries 2weightage.

Unit I
9. Show that graph G is forest if and only if every edge of G is cut edge.
10. Prove that k < i’ < §.

1. If G is a simple graph with v > 3 and § > —:- , prove that G is Hamiltonian.



19.

21,

15z

Unit IT

12. Let G be a bipartite graph with bipartition (X,Y). Prove that G contains a

matching that saturates every vertex in X if and only if |N($)| = |S|V¥Y S € X.
. If a matching M in graph G is a maximum matching, Prove that G contains no M-

augumenting path.

14. Prove that every 3-regular graph without cut edges has a perfect matching,.

Unit III

Let G be a k-critical graph with 2-vertex cut {u,v }, Prove thatd(u)+ d(v)> 3k - 5.

16. If G is connected simple graph and is neither an odd cycle nor a complete graph,

pm‘ve that ¥ <A.

17. Prove that every planar graph is 5-vertex clourable.

Part C
Answer any two questions.
Each question carries Sweightage.

18. (a)If e is a linkof G, prove that 1(G) = 1(G—e)+1(G.e).

(b) Show that a graph G with v> 3 is 2-connected if and only if any two vertices of G

are connected by at least two internally disjoint paths.

(a)Prove that closure of a graph is well defined.

(b)Prove that in a bipartite graph, the number of edges in a maximum matching is
equal to the number of vertices in a minimum covering.

(a) Prove that every k-regular bipartite graph has perfect matching.

(b)For any two integers k > 2and £ 22, prove that
r(k, C) < r(k, { — 1) -+ r(k -1, f).
(a) Prove that in a simple graph G 7y (G)=m(G-¢)-7, (Gee)for any edge e of G

(b)Prove that a digraph D contains a directed Path of length % -1.
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FAROOK COLLEGE (AUTONOMOUS), KOZHIKODE
Fourth Semester M.Sc Mathematics Degree Examination, April 2024
MMT4E14 — Computer Oriented Numerical Analysis
(2022 Admission onwards)
Time: 1 %2 hours Max. Weightage : 15

Part A (Short Answer Questions)
(Answer all questions. Each question has weightage 1)

1. Write the output of 7//3, 5/3 and 7%?3.

2. Explain break statement with examples.
3. Write a short note on the data structures List and Tuple.
4. Explain functions in python with example.

(4x 1=4 weightage)
Part B
(Auswer any three from the following five questions. Each question lhas weightage 2)

5. Write a python program to find the root of the equation x? -5x+6=0 using Newton

Raphson method.

b
6. Write a python program to find the jf (x)dx using trapezoidal rule.

7. Write a python program programme to find the value of function using Lagranges
interpolation.
8. Wrile a python program to solve the initial value problem by using Runge Kulta method
of order 4.
9. Write a python programme to solve a system of equations having n equations and n
unknowns.
(3x2=6 weightage)

Part C
Answer any one from the following two questions. Each question has weightage 5

10. Write a python programme to find the root of the given continuous function {(x) on [a.b]
by using bisection method.

11. Write a python programme to {ind the integral using tabulated values by the method of
Simpson rule.

(1x5=5 weightage)



