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FAROOK COLLEGE (AUTONOMOUS), KOZHIKODE
Third Semester M.Sc Mathematics Degree Examination, November 2024
MMT3C11 — Multivariable Calculus & Geometry

(2022 Admission onwards)

Time: 3hours Max. Weightage :30

.Chl.a'i-h-b-l[\)

10.

1.

Part A
Answer all questions. Each question carries one weightage.

Prove that if A € L(R™ R™), then [|4|| < o0 and A is a uniformly continuous mapping of R™
[nto R™,

Define dimension of a vector space. Show that dimR" = n.

Prove that any reparametrization of a regular curve is regular.

Verify whether a(u, v) = (u, v%,v3); 4, v € R a regular surface patch or not.

Show that x2 + y2 + z* = 1 is a smooth surfaces.

Calculate the first fundamental form of the surface o(u, v) = (cosu ,sinu,v). What kind of
surface is this?.

Show that the Weingarten map changes sign when the orientation of the surface changes.

Compute the second fundamental form of the elliptic paraboloid o(w, v) = (u, v, u® + LAY
(8x1= 8 weightage)

Part B
Answer any two questions from each unit. Each carries two weightage.

Unit 1
Let Q be the set of all invertible linear operator on R™, show that
(a) IfA € Q,B € L(R™), and [|B — A[|.||A7]| < 1, then B € Q.
(b) Q is an open subset of L(R™), and the mapping A — A~ is continuous on .
Show that, if f maps an open set E © R™ into R™, then f € C'(E) if and only if the partial
derivatives D, f; exist and are continuousonEforl <i<m,1<j<n.

If [A] and [B] are n by n matrices, then show that det([B][A]) = det[B] det[4].



14.

12

18.
19.

20.

Unit 2

. Show that a parametrized curve has a unit-speed reparametrization if and only if it is regular.

. Let y be a unit-speed curve in R? with constant curvature and zero torsion. Prove thaty isa

parametrization of (part of) a circle.

Suppose that two smooth surfaces S and S are diffeomorphic and that S is orientable. Prove that

$ is orientable.

Unit 3

. What is meant by an oriented surface? Show that Mobius band is not orientable.

16.

Calculate the Gaussian curvature of o(u, v) = (f (W)cosv, f (w)sinv, g(u)) where f > 0
and f2 + g2 = 1.
Prove that the area of a surface patch is unchanged by reparametrization.

(6x2=12 weightage)

Part C
Answer any two questions, Each carries 5 weightage

State and prove inverse function theorem.

(a) Let r be a positive integer. If a vector space X is spanned by a set of r vectors, then prove

that dimX <r.

(b) Suppose X is a vector space, and dimX = n. Prove that a set E of n vectors in X if and only

if £ is independent.

Let y(t) be a regular curve in R? with nowhere vanishing curvature. Prove that its torsion is
givenby T = %ﬁ, where X indicate the vector product and the dot denotes d/dt.

.Let S and S be surfaces and let f:S — § be a smooth map. Then, prove that f is a local

diffeomorphism if and only if, for all p € S, the linear map
D,f: TS Tp»S  is invertible.

(2x5=10 weightage)
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Part A
Answer all questions. Each question has weightage 1.

1. Find the point in unit sphere S in R? corresponding to the point 1 + i in C.

2. Evaluate the cross ratio (i — 1,0,1 + £, 0).

3. Prove that a branch of Logarithm function is analytic and its derivative isl.

“

4. Evaluate the integral _f :172 where y(t) =2¢", 0 <t <2n
zZ +a
¥

5. Prove or disprove: A non constant entire function is not bounded.

6. Prove that if fhas an isolated singularity at apointz = a and lim(z — a)f(z) = 0,
Z—a

then z = a is a removable singularity
7. State Rouche’s theorem.
8. Let f(2) = [(1 — z*)]7*. Determine the poles of f.

(8x 1 = 8 Weightage)
Part B
Answer six questions choosing two from each unit. Each question has weightage 2.

Unit 1
9. Let G be either the whole plane € or some open disk. If U: G — R is a harmonic function,
then show that U has a harmonic conjugatc.
10. Show that a Mobius transformation § is the composition of translations, dilations and the
inversions.
11. Prove that the cross ratio of 4 distinct points in the extended complex plane is a real

number if and only if they all lic on a circle.



12.

13

14.

15,

16.

IeZ.

18.

19.

20.
21.

Unit2
Let G be a connected open set and let /:G—C be an analytic function. Prove that it
{ z€ G: f{iz)=0} has a limit point in G, then there is a point a in G such that fM(a) =0
for cachn> 0.
Let G be a region and f: G — C be a non constant analytic function on G. Prove that f)
is open for all open set Uof G.
Define the winding number of a closed rectifiable curve y around a point not on {y}.
Prove that it is always an integer.

Unit 3
Prove that if fhas an essential singularity at z = a , then f{z) comes arbitrarily close to
every complex number as z approaches a.
Let f be a meromorphic function on a region G. Show that neither the poles nor the zeros
of f have a limit point.
Let G be a region in C and fan analytic function on G. Suppose there is a constant M

such that iinfxlsupl f(2)| <M forall a in the boundary 95G in Co. Prove that [{z)] < M for

all zin G.
(6x 2 = 12 Weightage)
Part C
Answer any two questions.
Each question has a weightage S.

Let y:[a b]—C be piecewise smooth.

(a) Show that y is of bounded variation and the total variation v(y) = _[': l}”(t)ldt

i . > b _ b 4
(b) Suppose that f: [a b]—C is continuous. Then prove that [ fdy= J, Fe)y'(®)at.

: : 1 ; =
(a) Let ¥%_oan(z —a)™ be a given power series and — = lim sup|ay|n. Prove the

following.
(i) If |z — a| < R, then the series converges absolutely

(ii) If |z — a| > R, the series diverges.

; . : 2!
(b) Find the radius of convergence of the series E?‘:lm

State and prove Laurent series development.
Let G be an open set and Jet £ G—C be a differentiable function. Prove that f is analytic

on G.
(2% 5 = 10 Weightage)
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art A
Answer all questions. Eacl question carries 1 weightage.

1. Define Metric space and Normed space. Give an example for each.

2. Show by an example that there are divergent sequences (x,,) in (¥ such that the sequence
(x,(j)) converges in the scalar field foreach j = 1,2,.....

3. Prove by an example that a bounded set need not be totally bounded.

4. Let X and Y be normed spaces and F: X —= Y be linear. If F is bounded on U(0,1) for
some 7° > 0 then prove that ||F(x)]| < al|x|| forall x € X and some a > 0.

5. Let X be a normed spacc over K, and f be non-zero linear functional on X. If £ is an
open subset of X, then show that f(E) is an open subset of K.

6. Show that the linear space Cy, cannot be a Banach space in any norm.

7. Let X and Y be normed spaces and F: X — Y be linear. Prove that F is continuous if and
only if g o I is continuous Vg € Y’

8. Ifabijective map F is closed. then prove that F~1 is also closed.

(8x1 =8 weightage)

art B

Answer any two questions from eaclt unit. Each question carries 2 weightages.
UNIT-1

9. Sate and prove Holder's inequality lor measurable functions.
10. Ifm(E) < o and 1 < p < oo, then show that the set of all bounded continuous function
on E is dense in LP(E).

- Ll =
11. Let E be a convex subset of a normed space X. Show that £ and £ are also convex.



UNIT- 11

12. Show that a linear functional f on a normed space X is continuous i1 Z(f) is closed in X
13. Let X be a normed space over K, f € X'and f # 0. Leta € X with f(a) = 1 and r > 0.
['hen Prove that U(a, ) N Z(f) = @ if and only if || f|| < =

I4. Prove that a Banach space cannot have a denumerable (Hamel) basis.

UNIT- I

15. Let X and Y be normed spaces, F: X — Y is continuous and G: X — Y is closed. Show that
F+G:X->Y is closed.
16.1f X is a normed space and P: X = X is a projection. then show that P is a closed map il
and only if the subspace R(P) and Z(P) are closed in X.
17. State and prove Bounded inverse Theorem.
(6x2 =12 weightages)
Yart C

Answer any two questions. Each question carries S weightages.

18. (a) For 1 < p < oo, prove that the metric space [” is separable.
(b) Let ¥ be a closed subspace of a normed space X. For x + Y € X/Y. define
t|x + Y[|| = inf{||x + y|l: ¥ € ¥}. Show that ||} ||| is a norm on X /Y.

19.(a) Let X and Y be normed spaces with X finite dimensional. Then prove that every
bijective linear map from X to Y i1s a homeomorphism.
(b) State and prove the Hahn-Banach separation theorem.

20. (a) Show that a normed space X is a Banach space iff every absolute summable series of
elements in X is summable in X.
(b) Let X and Y be normed spaces and X # {0}. Then show that BL(X,Y) 1s a Banach
space in the operator norm if and only 1f ¥ is a Banach space.

21. State and prove closed graph theorem.

(2x3 = 10 weightages)
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Part A
Answer all questions. Each question carries 1 weightage

I. Solve the equation —yu, + xu, = u with the initial condition u(x, 0) = f(x).

S}

Find the quadrants in which the following equation is hyperbolic.

(1 = /xy Yy + 2Upy + (1 + /¥ Yy =0
3. If u(x,t) is the solution of the Cauchy problem
Upp —Upe = 0;0 < x < 0, > 0,
u(0,t)=t7: >0,
u(x,0) =x%;0 < x < oo,
U (2 0) =6x; <X < oo,
evaluate the value of u(1,4)
4. Define Dirichlet problem, Neumann problem and Robin problem.
" 5. Show that the Dirichlet problem in a bounded domain:
Au=f(x,y); (x,y)ED
ulx,¥) = glx,y); (x,y) €aD
has at most one solution in C2(D) N C(D).
6. Find the integral equation which is equivalent to the [IVP y' —y =0, y(0) = 1.
7. Determine p(x) and g(x) in such a way that the equation x2y" —2xy’ +2y =0 is

: . d dy L
equivalent to the equation o (p E) +qy =0.
8. Suppose that the solution of the integral equation f(x) = x + fol x¢ f (&) dé, has the form

f(x) = ax. Find the value of a.
(8 x 1 =8 weightage)



14.

Part B
Answer any two questions from each unit. Each question carries 2 weightage

UnitI
Suppose that the equation au., + 2bu,y + €Uy +dity + €Uy + fu = g, where
a,b,..., f,g are given functions of x and y, is elliptic in a planar domain D. Assume further
that a, b, ¢ are real analytic functions in D. Show that there exists a coordinate system (&
in which the equation has the canonical form
Wee + Wy + L [w] = G(E, 1),
where [, is a first-order linear differential operator, and G is a function which depends on

the given PDE.

. Solve the Cauchy problem

urr—uxxzt?;—oo-(x(m, t>0

u(x,0) = 2x,+sinx, u(x,0)=0; —0<x<co

. Show that the Cauchy problem u, +u, =1; u(x,x)=x has infinitely many

solutions. Find at least two of them.

Unit I

. Use the method of separation of variables to solve the HeaE'equation with homogeneous

boundary conditions.

. Solve the problem

Upp — Uy = COS 27X, COS2TE ; 0<x <1, t>0,
w0 D) =u (1:6)=0: t=0
u(x,0) =cos’nx; 0<x<1
uUp(x,0) =2cos2nx; 0<x<1
Solve the Laplace equation Au = 0 in the square 0 < x,y < , subject to the boundary

condition u(x,0) = u(x,m) = 1, u(0,y) = u(m,y) = 0.



Unit I11
15. Prove that the equation y(x) = F(x) + r—if;r sin(x + §) y(§) dé
possesses no solution when F(x) = x, but that it possesses infinitely many solutions when
F(x) = 1. Determine all such solutions.

16. Show that the characteristic numbers of a Fredholm integral equation

y(x) =2 f: K(x,&) y(§) d&, with a real symmetric kernel K (x, &), are all real.
17. Write a note on Neumann series
(6 x2 =12 weightage)

Part C
Answer any two questions. Each question carries 5 weightage

18. (@) Derive d’Alembert’s formula for the Cauchy problem for the one-dimensional
homogenous wave equation.
(b) State and prove the existence and uniqueness theorem for the Cauchy problem of first
order Quasilinear equations.
19. (a) Apply the method of separation of variables to solve the problem:
U — iU =07 Ux <l t>0,
uL0, ) =uL,t)= 0 t20
u(x,0) = f(x); 0<x<L,
U2, 0)=glx);0=x=< L,

(b) State and prove The weak maximum principle and The strong maximum principle.

20. (a) Use the iterative method to solve the equation y(x) =1+4 fol(l —3x &) y(&) dE.
(b) Determine the eigen values and eigen functions of the integral equation
2m
y(x) = F(x) +Af cos(x + §) y(§) df
0

21. Discuss the method of Lagrange to solve first order Quasilinear PDE and use it to solve

the Cauchy problem —yu, +xu, =0; u(x,0) =sinx, x>0

(2 x 5= 10 weightage)
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Part A
Answer all questions. Eacli question carries 1 weightage.
Let X be a measurable space and f be a complex measurable function on X. Then

prove that there exist a complex measurable function a such that |a| = 1 and
f=alrl.
Let u be a positive measurc on a g-algebra . Then prove that u(4,,) = p(A4) as
n->wifd=N=14,,4, EM,A; 2 A; D A3 D -+~ and u(4,) is finite.
Let {£;} be a sequence of measurable sets in X, such that },y=, u(E;,) < ©.Then
prove that almost all x in X lie in at most [initely many of the scts Ej,.
Define lower semi continuous function. Give an example of a lower semicontinuous
which is not upper semicontinuous.
Let X be an uncountable set and M be the collection of all sets £ © X such that either
L or E* is countable. Prove that Mt is a g-algebra in X.
Suppose u, A, and A, are measures on a g-algebra M and p is positive. 1fA; «< u
and A, 1 u, then prove that 4; 1L 4,.
Let f be (8§ X T)-measurable on X X Y. Then prove that forecach x € X, f; isaT-
measurable function on Y.
Give an example to show that g-finitencss is necessary in the hypothesis of Fubini
theorem.
Part B
Answer two questions fron: eaclt unit. Each question carries 2 weightage.

Unit I

State and prove Lebesgue’s dominated convergence theorem.

Suppose f and g € L*(¢) and @ and f# arc complex numbers. Then prove that

af +fg € L' (i) and [, (af +Bg)du=af, fdu+p [, gdp.
Let (X, M, u) be a measure space. Then prove that there is a g-algebra T* which is

the u-completion of the o-algebra 1.



13.
14.

15.

16.
172

18.

19.
20.

21,

Unit 11

. Let X be locally compact Hausdor{f space in which every open set is g-compact. Let

A be any positive Borel measure on X such that A(K) < oo for every compact set K.
Then prove that A is regular.
If i is a complex measure on X, then prove that |u| (X) < .

State and prove Hahn Decomposition theorem.

Unit I11
Let (X,S,u) and (Y, T, 4) be measure spaces If £ € & X T, then prove that E, € T
and LY € S foreveryx EXandy €Y
State and prove Fubini theorem.
Let m;, denote Lebesgue measure on R*. Ifk =r+s,r = 1,5 = 1, then prove that

my, is the completion of the product measure m,. X ms.

Part C
Answer any two questions. Eacl question carries 5 weigltage.

(). Suppose f and g € L'(u) and @ and # are complex numbers. Then prove that
af +Bg € L'(w) and [, (af +Bg)du=a [, fdu+p [, gdp.

(it) If £ € L} (), then prove that |, fdu| < f, Ifldp.

State and prove the Vitali-Caratheodory Theorem.

Let y be a positive o-finite measure on a g-algebra Tt in a set X, and let A be a
complex measure on M. Then prove that there is a unique pair of complex measures
A, and A, on V1 such that 1 = A, + A5, 4, K 4,4 L g Further prove that there is a
unique h € L () such that A, = [ hdy for every set £ € .

Let (X,S, 1) and (Y, T, 1) be measure spaces. Then prove that § X J° is the smallest

monotone class which contains all elementary sets.



