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Part A

, 0
Answer all questions, Eqch question carri

es 1 weightage

1. Prove that a finite extension is an algebraic extension.

2. Define algebraically closed field. Give example.

3. Determine all isomorphisms of Q (VZ2)intod

4. Let K be the splitting field of x* + 1 over Q. Show that G(K/Q) is isomorphic to
klein-4 group

5. Find all automorphisms of the field Zy where p is a prime

6. Lel F be a field of characteristic zero and leta € F . Let K be the splitting field of
x™ — a over F. Suppose F contain all the n** root of unity. Prove that G(K/F) is
abelian.

7. Define maximal ideal of a ring R and give one example.

8. Show that the field R of reals is not algebraically closed. Also find the algebraic

[}
closure of R

Part B

e ; ' . e ¥ %
Answer any two questions from each unit. E ach question carries 2 weightage

Unit |

9. Let H be a subgroup of the Galois group G(K /Q).
Show that K; = {ae K : a(a) = a} is a subficld of K.
10, If F is a ficld then show that every ideal in F' [X] is principal

11. Find all prime ideals of Z;,



13. Is the regular 150-gon constructable ? Give reason.

e e able extension.
14. Prove that a field is perfect il every extension is a separab

Unit 111

15. Let a be a real cube root of 2. Verify thatQ (@) is not a splitting field. also find the
splitting ficld of (x* — 2,x* — 3} over Q.
16. Find My(x) over Zs.
1 . = 4 ——
17. Give an example for an extensionE of Q (23) such that [E: Q] = {E: Q} = IG(E/Q)I.

Part C
Answer any two questions from each unit. Each question carries 5 weightage

18. Let E be an extension of a field F and let a€E. Prove that
(2) i F[X] > E defined by f(x) = F(a) for f(x) € F[X] is a homomorphism
(b) Ife is algebraic over F, then Ker ¢, + {0}.
(c) If eis transcendental over F¥ then ¢, is dne-one.

19. (a)State and prove Conjugation isomorphism theorem.,

(b)Prove that Complex zeros of polynomials with real coefficients occur in conjugate

airs
p [ ]

20. (a) Prove that x* = 3 is irreducible over Q(Zé)

(b)Let £ be a finite extension of a field F and K be a finite extension of a field E.

Prove that K is a finite extension of field I/ and [K:F} = [K: E][E: ]
21. (a) Show that Doubling the cube is impossible.

(b) Describe the dg(x) over Q. Show that Dg(x) =x*4+1 .
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Part-A

Answer all questions. Each question carries 1 weightage

1) State and prove excision property of Lebesgue outer measure.

2) IfAand B are mcasurable subsets of R, prove that 4 U B is measurabie

3) If f is measurable, show that for any extended real number ¢, the set {x| f(x) = c} is

measurable

4) Let ¢ and 1) be simple’functions defined on a set of finite measure E. Prove that /

C Jerw=[e+[v
g E E E

5) State and prove the integral comparison Test.
6) Let {f}T be a finite family of functions, each of'which is integrable over E. Show that {f;. } is
uniformly integrable and tight over E. \
xcos(i) ifo<x<1
0 ifx=0
8) If the function f is Lipschitz on a closed, bounded interval [a, b], prove that it is absolutely

. Is f of bounded variation on [0,1] ?

7) Let f(x) ={

continuous on [a, b].

-

Part-B

Answer any two questions from each unit. Each question carries 2 weightage

Unit-1
9) Prove that every interval is measurable.
10) Prove that any set of real numbers with positive outer measure contains a subset which is not

measurable.

11) Let the function f be defined on a measurable set E. Pro

each open set 0, f*(0) is measurable.

ve that f is measurable if and only if for



Unit - 11

12) Let {f,} be a sequence of bounded measurable functions on a set of finite measure g ang

:lli-.”éLfnsz

13) State and prove the Lebesgue Dominated Convergence theorem.

14) Assume E has finite measure. Let {f,} be a sequence of measurable functions on E that

{f,} = [ uniformly on E. Prove that

converges pointwise a.e. on E to f and f is finite a.e. on E. Prove that {f,} = f in measure on
E.
Unit - 11T
15) Let f be an increasing function on the closed, bounded interval [a, b]. Prove thzﬂat for each 3
>0, m'{x € (a,b)Df(x) = a} < [f(b) - f(@)] andm"{{x € (@,b)IDf(x) = e} =
16) Prove that a function f on a closed, bounded interval [a, b] is absolutely continuous on [g, b] if
and only if it is an indefinite integral over [a, b].
17) Let E be a measurable set and 1 < p < oo, Sup;pose {fn} is a sequence in LP(E) that converges
\ pointwise a.e. on E to the function f which belongs to LP(E). Prove that {m}—=FfnLP(E)if
- andonly if limpe [fill, = LIFI, -

Part-C

Answer any two questions. Each question carries 5 weightage
18)

/

a) If{A,}T is an ascending collection of measurable sé:ts, then prove that

m A, | = lim
(L]l k) il_r'n m(4,)
b) Let {£,}° be aosequence of measurable

flunct] ' :
' unctions on E that converges pointwise a. €. on
E to the function f. Prove that f is measurable.



.. f!m

-

21)

b)

gtate and prove the bounded convergence theorem

Let E be of finite measure. Suppose the sequence of functions {f,

} is UnifOrm'l).-
integrable over E.Xf{fy}—=f

pointwise a.e. on E, prove that f is integrable ov

Alr&ffﬁff

Prove that a ﬁ‘“cm‘“ f is of bounded variation on the closed, bounded interval [a,b] if

er £ and

and only if it is the difference of two increasing functions on [a, b]

Let the function f be continuous on the closed, bounded interval [a, b]. Prove that fis

absolutely continuous on [a, b]'if and only if the family of divided difference functiohs

(Dif fi, fYo<n<1 is uniformly integrable over [a, b].

-~
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Part A
Answer all questions. Eachl question carries 1 weightage.

]
1. Define the Sicrpinski space. Is it a topology not induced by any metric.
2. Define Base for topology. Write a sub-base for the set of real numbers under usual

topology. P ==

3. Prove that & second countable space a\Iways contains a countable dense subset.
4. Prove that a subset of a topological space is open if and only if it is a neighborhood of
each of its points.
Define weak topology determined by a family of functions.
Show that components are closed sets.

Give an example of a topological space that is Ty but not T.

Define standard base and standard sub-base for the product topology.
(8x1 = 8 weightape)

2 U

Part B 8

Answer any two questions froi cach unit, Eacl question carries 2 weightages.

UNIT-I -~

=

\

9. Let X bea 'scl and D a family of subsets of

topology T on X, such that it is the smallest top

X. Then prove that there exists a unique
ology on X containing D.

10. Prove that if a space is second countable then every open cover of it has a countable

subcover.

: ions is continuous.
11, Prove that composition of continuous functions 15 €Ol

e e v S —



12.

13.

15.

16.
1575

18. (:

19.

- (@) Prove that ina H

UNIT-1I 5

A}

Define divisible topological property. Prove that the property of being a discrete Sface]

divisible. . _ ‘
What is mean by a Lebesgue number. Prove that every continuous image of a compac

(]
space is compact.

Let € be a collection of connected subsets of a space X such that no two members of ¢

are mutually separated. Then prove that Ugee C is also connected.

UNIT- 111

Prove that the intersection of any family of boxes is a box and the intersection of finjte
number of large boxes is a large box.
If the product is non-empty, then prove that each co-ordinate space is embeddable in .
Let X = []je; X;, each X; being a topological space. Suppose {x,,} is a sequence in X and
that x € X. Then prove that {x,,} converges to x iff for each i € 1, the sequence {m;(x,)}
converges to m;(x) in X;.
(6x2 = 12 weightages)
' Part C

Answer any two questions, Each question carries 5 weightages.

(1) Let (X,T) be a topological space and § a family of subsets of X. Then prove that § is
a sub-base for T if and only if § generates T,

(b) Prove that metrisability is a hereditary property,

(a) Prove that a subset 4 of g space X is dense in X iff for €very nonempty open subset B
of X,AnB # 0,
(b) Fora subset 4 of a space X, prove that A = AU A",

(a) P

rove that every continuoy
s real valued functi
lOI‘lOT]ﬂCOIn act space i ded and
attains itg extrema. & ’ 5

Justify your answer.

ausdorff space, [ipy:

: _ ; S are

(b) Show that regularity is hered tary S unique,
Y.

(2x5 = 10 weightages)
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Part A

(Answer all questions, Eacly question carries 1 weightage)

1. Find a power series solution of the equation y' =y,

2. Verify that p,(-1) = (=1)", where Pn (%) is the n"degree Legendre
polynomial.
3. 1f y(x) be a nontrivial solution of equation y" + q(x) y=0o0n qc!osed interval

[a, b], then y(x) has atmost a finite number of zeros in this interval.
. Ldx d’_y s
4. Describe the phase portrait of the system: =k = L
i =y wi initial condition
ing Picard’ d, find the solution of y" =y with the initia
5. Using Picard’s metho dithe
y(0) = 1.
d NP
6. Prove that — [xP], (x)] = x7J,_, (x). |
= iti ite, negative
7. Determine whether the function 2x% — 3xy + 3y? is positive definite, neg
definite or neither.
ipschi iti angle
8. Show that f(x,y) = x?|y| satisfies a Lipschitz condition on the rectang
. Show )=

|x] < 1and [y| < 1. (8 X 1=8 weightage)

Part B

ioncarries 2 weightage)
: sh question carries
(Answer any two questions from each unit. Each q

Unit 1

i _ Polynomial.
9. Derive the orthogonality property of Ut chendre‘ :

= ~ 144 - "' + = O-
10. Find the general solution of y g ions of the equation
I1. Find two independent Frobenius series solutiol

22y + @ =x)y' ~y=10.



5.
16.
17.

19.

20.

21

IfW(t) is the Wronskian 0

. State Bessel Expansion tl
f(x) =1 fortheinterval 0 = x < 1 interms of the function Jo(4,x), where A

Unit IT

d :
j:- = a, (£)x + by ()Y then W (t) is either identically zero or nowhere zey,
% = a‘z(t)x + by (t)y

on [a, b].

Jeorem and compute the Bessel series of the function

are the positive zeros of Jo(x)-

Determine the nature and stability properties of the critical point (0,0) for the

System 3—i =4x—3yi ii—f = 8x — 6.
Unit 11T
State and Prove Sturm comparison theorem,
Formulate the problem of finding the curve of quickest descent.
Find the exact solution of the initial value problem ¥’ = 2x(1 + y), y(0) = 0.
Starting with y,(x) = 0, calculate y; (x), ¥, (x), y3 (x), 4 (x) and compare these

results with the exact solution.
| ]

(6 X2 =12 weightage)

Part C
(Answer any two questions. Each question carries 5 weightage)

. Derive the Rodrigue’s formula for Legendre polynomials

1 dn
() = g OF = D™

IT there exists a Liapunovfuctionk (x,) for the autonomous system, then the

critical point (0,0) is stable, Furthermore, if his [unction has the additional

property that the function 2& Ll : :
Nepii 3y G is negative definite, then the critical point

(0,0) is asymptotically stable, \
State and Prove Picard’s theorem,
For the system< = —, @ _
yseny o = 2y
i (1) Find the critical points,
ii) Fi ifferent;
(i) Find the differential equation of the paths

(iii)Solve thig €quation 1o find the paths

2X5=10 weightage)

f the two solutions of the homageneous linear System
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Part A (Short Answer Questions)
Il questions. Each question has weightage 1)

* Prove that the sum of two convex le‘I.ICtions IS a convex function.
What is meant by degeneracy ina linear Programming problem?
Solve graphically the following linear programming problem:
Minimize 20x; 4 50x, ,
Subjectto  x; +2x, = 10,3x, + A%, £ 24,4, 2 0,x, >0
Prove that the dual of the dual js the primal.
What type of problems can be/solved by the dual simplex method? Explain,
Formulate the transportation problem as a linear programming problem.
Define a chain in a graph. When does a chain become a cycle?
Describe the rectan gular game as a linear programming problem.
(8 X 1 = 8 weightage)

Part B :
- : ; ghtage 2)
(Answer any fwo questions from each unit. Each question carries weightag

Unitl o _ '
LetX € E,, and f(X) = X'AX bea quadratic form. If f (X)is positive semidefinite,
then show that f(X) is a convex function. ' e S
Prove that a basic feasible solution of the LP problem Is a vertex o
feasible solutions.
Solve the following LP problem by simplex method:
Maximize  x; +x, + 3%3
Subject to
3%, + 2%, +x3 £ 3
2x, +x, +2x3 = 2

X1,%2,%3 2 0



that the optimal value of f(X) of the primal, if it exists, is equal to the optimal
¢ tha

Unit IT

12. Prov

value of @(Y) of the dual. .
13.  Prove that the transportation problem has a triangular basis.

: o= ing with the
14. Solve the following transportation problem for minimum cost starting

degenerate solution Xy, = 30, %, = 40,%3; = 20,43 = 60.
N D, | D, | Ds
04 4 5 2 | 30
0, 4 l 3 | 40
04 2 3 7 | 60
40 | 50 | 60
Unit II1 f

15.  Describe the algorithm for finding the minimum path between two vertices in a graph
when all arc lengths are non-negative. 4
16.  Solve the following LP problem by the cutting plane method:
Minimize - 4x; + 5x,
Subject to'
31 +x,>2 . /
X;+4x, > 5

3%+ 2x, > 7
X1, X; non-negative integers,
-

17. Let f(X,Y) be such that both Maxy miny f(X,Y) and miny maxy (X, Y) ;;;St_ Then

prove that maxy miny f(X,Y) < miny maxy f(X, Y)

(6 X 2 = 12 weightage)

(Answer any two from the fol!o\,rinu
18.  Solye the following [ p Problem by b A

Minimize 2y — 31c i
- 2 3

3x1"4x2~—5x3 =
2I1+x2+2x3 2
x1+3x2-2x33:5

Subject to

XX, >0



e e
cove that if the £ constraint of the Primal s an
[

(2P S “qQuality, then th -

I unrestricted In sign. ¢ dual Variable
Yk :
(bySolve the following LP problem by qual Simplex methg:

Minimize 2xy + 3x,
Subjectto  2x; +3x, < 3¢
X1+ 2%, > 10
X1,X; >0

Solve graphically the LP problem: Maximize = 4x, + 8x, subject to

X +2% 2 20, 2x; + 2x, < 100, x; — 3%, <0, 4x, ~x, > 07,200 =0
Also analyse graphically how the optimal solutiop is modified when the following

changes are introduced in the problem, (one ata tifne)

() objective function is replaced by 8x, + 4x,
(if) a new constraint 2x; + x, > 10 is introduced.

(a) State and prove the fundamental theorem of rectangular games.

\ 2 7
(b) Solve graphically the game whose payoff matrix is l 3 5]
11 2

| \

(2 X 5 = 10 weightage)



